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Abstract
Let E and F be complex Banach spaces, and let U be an open ball in E. We show that if E has a shrinking and unconditional
basis, then every holomorphic function f :U → F that is weakly continuous on U -bounded sets is weakly uniformly continuous
on U -bounded sets.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let E and F be complex Banach spaces, let U be an open subset of E, and let H(U ;F) be the space of all
holomorphic functions f : U → F . Let Hw(U ;F) (respectively Hwu(U ;F)) be the subspace of all f ∈ H(U ;F)
which are weakly continuous (respectively weakly uniformly continuous) on all U -bounded sets.
The inclusion Hwu(U ;F) ⊂Hw(U ;F) is always true, and the question of whether equality holds was raised by
Aron, Hervés and Valdivia [2] in 1983, and still remains open. ClearlyHwu(E;F) =Hw(E;F) if E is reflexive, and
Dineen [8] has proved that Hwu(c0;F) =Hw(c0;F).
In 2002 Carrión [6] claimed that Hwu(E;F) =Hw(E;F) if E has a shrinking basis. Unfortunately Manuel Val-
divia has recently found a subtle gap in the proof of Carrión’s main result, and it is not clear whether Carrión’s proof
can be fixed.
In this paper we show thatHwu(U ;F) =Hw(U ;F) if U is an open ball in a Banach space E with a shrinking and
unconditional basis. In the case where U = E, this result had been already obtained by Carrión [5].
We refer to [7,9] and [15] for background information on infinite-dimensional complex analysis, and to [13] for
the terminology from Banach space theory.
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Besides the spaces H(U ;F), Hw(U ;F) and Hwu(U ;F) defined in the introduction, we consider the spaces
Hwsc(U ;F), Hb(U ;F) and Hbk(U ;F) which are defined as follows.
Let Hwsc(U ;F) be the subspace of all f ∈H(U ;F) such that f (xn) converges to f (x) whenever (xn) is a U -
bounded sequence which converges weakly to x ∈ U . Let Hb(U ;F) be the subspace of all f ∈H(U ;F) which are
bounded on all U -bounded sets. LetHbk(U ;F) be the subspace of all f ∈H(U ;F) which are bounded on all weakly
compact U -bounded sets. We recall that a set A ⊂ U is U -bounded if A is bounded and there is a ball B(0; r) such
that A+B(0; r) ⊂ U .
Let P(nE;F) be the space of all continuous n-homogeneous polynomials P : E → F . We define Pθ (nE;F) =
P(nE;F)∩Hθ (E;F), where θ = w,wu,wsc.
Let E′ denote the dual space of E. Let BE denotes the open unit ball of E, and let SE denote the unit sphere of E.
If B ⊂ E and f : B → F , we write ‖f ‖B = supx∈B ‖f (x)‖. We will write by ClEA = A‖.‖ and ClwA := Aw.
Theorem 1. Let E be a Banach space. Then the following conditions are equivalent:
(a) E contains no copy of l1.
(b) Hwsc(U ;F) =Hw(U ;F) for each Banach space F and for each U ⊂ E open.
(c) Hwsc(U) =Hw(U) for some U ⊂ E open.
Proof. (a) ⇒ (b) Clearly Hw(U ;F) ⊂ Hwsc(U ;F). On the other hand, let f ∈ Hwsc(U ;F) and let B be a U -
bounded set. Let A ⊂ B and let x ∈ Aw ∩ B . By Floret [10, p. 38], there exists a countable set D ⊂ A such that
x ∈ Dw . Let E0 be the closed linear span of D. Since E0 is separable and contains no subspace isomorphic to l1,
by Rosenthal [16, Theorem 3] there exists a sequence (xn) ⊂ D which is σ(E0,E′0)-convergent to x. Hence (xn)
converges to x for σ(E,E′). Now, since B is U -bounded it follows that (xn) is U -bounded.
But f ∈Hwsc(U ;F) implies that f (xn) → f (x) in F . Hence f (Aw ∩ B) ⊂ f (A). Thus f is weakly continuous
on B , and therefore f ∈Hw(U ;F).
(b) ⇒ (c) This is obvious.
(c) ⇒ (a) Suppose that Hwsc(U) = Hw(U) for some U ⊂ E, but E contain a copy of l1. By J. Gutierrez [12,
Theorem 3] we have that Hw(E) 	=Hwsc(E). Thus there is f ∈Hwsc(E) \Hw(E). Let B be a bounded subset of
E such that f |B is not weakly continuous. Without loss of generality we may assume that 0 ∈ U . Let s > 0 such
that B ′ = sB is U -bounded. Now, let h : E → E the mapping defined by h(x) = s−1x for every x ∈ E. We define
g(x) = f ◦ h(x) for every x ∈ U . We prove that g ∈ Hwsc(U). Let (xn) be a U -bounded sequence such that xn
converges weakly to x ∈ U . Since h is linear and continuous, h(xn) converges weakly to h(x). Hence g(xn) converges
to g(x) in F .
Observe that h(B ′) = B hence g(B ′) = f (B). Since h : (E,σ (E,E′)) → (E,σ (E,E′)) is a homeomorphism, it
follows that g is not weakly continuous on B ′ where B ′ is U -bounded. Therefore g ∈Hwsc(U) \Hw(U), contradic-
tion. 
Lemmas 2 and 3 below are versions for open sets of Lemma 3.1 and subsequent comments in [2].
Lemma 2. Let U be a balanced open set, let f ∈H(U ;F) and let S ⊂ U be a balanced set such that rS ⊂ U and
such that ‖f ‖rS < ∞ for some r > 1. Then f (x) =∑Pnf (0)(x) uniformly for x ∈ S.
Lemma 3. Let E and F be Banach spaces and let U ⊂ E be a balanced open set. Then Hwu(U ;F) =Hw(U ;F) ∩
Hb(U ;F).
Proof. Let f ∈Hw(U ;F)∩Hb(U ;F) and let B be a U -bounded set. By [4, Lemma 1.3], there exists r > 1 such that
rba(B) is U -bounded. Thus f is bounded on rba(B) because f ∈Hb(U ;F). By Lemma 2, f (x) =∑Pnf (0)(x)
uniformly for x ∈ ba(B). Since B ⊂ ba(B) we have f (x) =∑Pnf (0)(x) uniformly on U -bounded sets. Here ba(B)
denotes the balanced hull of B .
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Pnf (0) ∈ Pw(nE;F) for every n. It follows from Aron, Hervés and Valdivia [2, Theorem 2.9] that Pnf (0) ∈
Pwu(nE;F) for every n ∈ N. SinceHwu(U ;F) is complete with the topology of uniform convergence on U -bounded
sets, f ∈Hwu(U ;F). The reverse implication follows from Aron and Prolla [3, Lemma 2.2]. 
Theorem 4. Let U ⊂ E be a balanced open set and let Pn ∈P(nE;F) for every n ∈ N. Then:
(a) f =∑Pn ∈H(U ;F) if and only if lim sup‖Pn‖1/nK < 1 for every compact set K ⊂ U .
(b) f =∑Pn ∈Hb(U ;F) if and only if lim sup‖Pn‖1/nB < 1 for every U -bounded set B .
(c) f =∑Pn ∈Hbk(U ;F) if and only if lim sup‖Pn‖1/nW < 1 for every U -bounded weakly compact set W .
Proof. (a) (⇒) Let f ∈H(U ;F) and let K be a compact subset of U . Consider A = ba(K). Then there exists r > 1
such that rA ⊂ U . Since K is compact we have that rA is compact. Thus f (rA) is compact, and therefore f is
bounded on rA.
By Cauchy’s inequality,∥∥Pn(t)∥∥ 1
rn
sup
|ξ |=r
∥∥f (ξ t)∥∥
for every t ∈ K . Let s, 1 < s < r . Thus
∞∑
n=0
‖Pn‖sK =
∞∑
n=0
sn‖Pn‖K 
∞∑
n=0
(
s
r
)n
‖f ‖rA = r
r − s ‖f ‖rA < ∞.
Therefore
∑∞
n=0 ‖Pn‖sK < ∞ for all s,1 < s < r . Observe that
∞∑
n=0
|λ|n‖Pn‖K 
∞∑
n=0
sn‖Pn‖K < ∞
for every 0 < |λ| < s. Hence 1 < r R where R is the radius of convergence of the series ∑∞n=0 λn‖Pn‖K . It follows
from the Cauchy–Hadamard Formula that, lim sup‖Pn‖1/nK = 1R < 1.
(⇐) Suppose that lim sup‖Pn‖1/nK < 1 for every compact set K ⊂ U . Then
∞∑
n=0
|λ|n‖Pn‖K < ∞
for every 0 < |λ|  r < R where R is the radius of convergence of the series ∑∞n=0 λn‖Pn‖K . By the Cauchy–
Hadamard Formula, 1
R
= lim sup‖Pn‖1/nK .
Thus, the series
∑∞
n=0 λnPn converge uniformly on every compact set K ⊂ U to the mapping fλ ∈H(U ;F) for
every 0 < |λ| r < R. Since 1 <R, let us consider r such that 1 r < R. For λ = 1 we have the theorem. Using the
same arguments of (a) we obtain (b) and (c). 
Theorem 4 tells us that the spaces P(nE;F) form a Schauder decomposition of the space H(U ;F) (respectively
Hb(U ;F), respectively Hbk(U ;F)), with the topology of uniform convergence on all compact subsets K ⊂ U (re-
spectively U -bounded sets B ⊂ U , respectively U -bounded weakly compact sets W ⊂ U ). These are variants of the
notion of R-Schauder decomposition in [11, Theorem 1].
If (ei)i1 is a Schauder basis of a Banach space E, we define the projection qn : E → E by
qn
(∑
i1
αiei
)
=
n∑
i=1
αiei .
These projections are bounded linear operators and supn ‖qn‖ < ∞. The number Λ = supn ‖qn‖ is called the basis
constant. If I is the identity mapping on E, we define for every m n in N, qn = I − qn, qnm = qn − qm = qm − qn.
Observe that, ‖qnm(x)‖ 2Λ for all x ∈ BE .
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sequence of positive integers, and let k = (k1, k2, . . . , kj+1) with |k| :=∑j+1i=1 ki = n and k! := k1!k2! . . . kj+1!. Then
for every x ∈ E we define the mapping Pm1,m2,...,mjk1,k2,...,kj+1 : E → F by
P
m1,m2,...,mj
k1,k2,...,kj+1 (x) =
n!
k!An
(
qm1(x)k1qm2m1 (x)
k2 · · ·qmjmj−1(x)kj qmj (x)kj+1
)
.
Then Pm1,m2,...,mjk1,k2,...,kj+1 is called a modification of Pn and belongs to P(nE;F).
From the Leibniz formula [15, Theorem 1.8] we get the following relation
P
m1,m2,...,mj
k1,k2,...,kj+1 =
kj+1∑
i=0
P
m1,m2,...,mj ,mj+1
k1,k2,...,kj ,i,kj+1−i . (1)
Lemma 5. Let U ⊂ E be a balanced open set. If Hbk(U ;F)  Hb(U ;F) then there exists a strictly increasing
sequence (γn) ⊂ N and f =∑Pn ∈Hbk(U ;F) \Hb(U ;F), with Pn ∈ P(γnE;F) for every n, and there exists a
U -bounded sequence (xn) such that
(a) 1 ∥∥Pn(xn)∥∥1/γn for every n 1; and
(b) γn
log(γn + 1)  n for every n 1.
Proof. SinceHbk(U ;F) Hb(U ;F) there exists g ∈Hbk(U ;F) \Hb(U ;F). Let∑Qn be the Taylor series expan-
sion of g at the origin, and let R be its radius of convergence. By Theorem 4, there exists a U -bounded set B such
that
lim sup‖Qn‖1/nB > 1.
Observe that Theorem 4 yields a U -bounded set B such that lim sup‖Qn‖1/nB  1. But there is ρ > 1 such that ρB is
also U -bounded. Hence lim sup‖Qn‖1/nρB > 1.
We can find a strictly increasing sequence (nl) ⊂ N such that lim‖Qnl‖1/nlρB = lim‖Qn‖1/nρB . Then there exists
l0 ∈ N such that
1 < ‖Qnl‖1/nlρB
for all l  l0. Hence, for every l  l0 there exists xl ∈ ρB such that
1 <
∥∥Qnl (xl)∥∥1/nl . (2)
On the other hand,
lim
l
nl
log(nl + 1) = ∞.
For each i ∈ N there is li ∈ N such that
nli
log(nli + 1)
 i.
We define Pi := Qnli , f :=
∑
Qnli
. It follows from (2) and Theorem 4 that f /∈Hb(U ;F). Since (Qnli ) ⊂ (Qn)
and g ∈Hbk(U ;F) by Theorem 4 for every U -bounded weakly compact set W we have that
lim sup‖Qnli ‖
1/nli
W  lim sup‖Qn‖1/nW < 1.
Thus, f ∈Hbk(U ;F).
We define γi = nli , then f =
∑
Pi ∈Hbk(U ;F) \Hb(U ;F) satisfies the lemma. 
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1
(γn + 1)r/γn 
1
e
for every 1 r  n.
Lemma 6. (See [6, Lemma 6].) Let (Pn), (γn) and (xn) be the sequences given by Lemma 5. Then for each strictly
increasing sequence of positive integers (mi)∞i=1, there exist sequences of integers (jn,m1,m2,...,mi )n1, i = 1,2, . . . ,
such that
(a) 0∑is=1 jn,m1,m2,...,ms  γn for each i  1 and n 1.
(b) If γn,i = γn −∑is=1 jn,m1,m2,...,ms , then∥∥(Pn)m1,m2,...,mijn,m1 ,jn,m1,m2 ,...,jn,m1,m2,...,mi ,γn,i (xn)∥∥1/γn  1(γn + 1)i/γn
for each i  1 and n 1.
Proof. Let An be the γn-linear mapping associated with Pn. We proceed by induction on i.
For i = 1.
∥∥Pn(xn)∥∥= ∥∥An(xn)γn∥∥= ∥∥An(qm1(xn)+ qm1(xn))γn∥∥=
∥∥∥∥∥
γn∑
j=0
γn!
j !(γn − j)!An
(
qm1(xn)
j qm1(xn)
γn−j )∥∥∥∥∥
=
∥∥∥∥∥
γn∑
j=0
(Pn)
m1
j,γn−j (xn)
∥∥∥∥∥
γn∑
j=0
∥∥(Pn)m1j,γn−j (xn)∥∥.
Choose an integer jn,m1 , 0 jn,m1  γn such that∥∥(Pn)m1jn,m1 ,γn−jn,m1 (xn)∥∥= max0jγn
∥∥(Pn)m1j,γn−j (xn)∥∥
for each n 1. Then
∥∥Pn(xn)∥∥ γn∑
j=0
∥∥(Pn)m1jn,m1 ,γn−jn,m1 (xn)∥∥= (γn + 1)∥∥(Pn)m1jn,m1 ,γn−jn,m1 (xn)∥∥.
Thus, by Lemma 5 we have that∥∥(Pn)m1jn,m1 ,γn−jn,m1 (xn)∥∥1/γn  1(γn + 1)1/γn
∥∥Pn(xn)∥∥1/γn  1
(γn + 1)1/γn
for each n 1.
For i = 2. Set γn,1 = γn − jn,m1 . Using the relation (1) we have that
∥∥(Pn)m1jn,m1 ,γn,1(xn)∥∥=
∥∥∥∥∥
γn,1∑
j=0
(Pn)
m1,m2
jn,m1 ,j,γn,1−j (xn)
∥∥∥∥∥
γn,1∑
j=0
∥∥(Pn)m1,m2jn,m1 ,j,γn,1−j (xn)∥∥.
Choose an integer jn,m1,m2 , 0 jn,m1,m2  γn,1 = γn − jn,m1 such that∥∥(Pn)m1,m2jn,m1 ,jn,m1,m2 ,γn,1−jn,m1,m2 (xn)∥∥= max0jγn,1
∥∥(Pn)m1,m2jn,m1 ,j,γn,1−j (xn)∥∥
for each n 1.
Set γn,2 = γn − jn,m1 − jn,m1,m2 . Then
∥∥(Pn)m1jn,m1 ,γn,1(xn)∥∥
γn,1∑
j=0
∥∥(Pn)m1,m2jn,m1 ,jn,m1,m2 ,γn,2(xn)∥∥= (γn,1 + 1)∥∥(Pn)m1,m2jn,m1 ,jn,m1,m2 ,γn,2(xn)∥∥
 (γn + 1)
∥∥(Pn)m1,m2 (xn)∥∥.jn,m1 ,jn,m1,m2 ,γn,2
S. Berrios / J. Math. Anal. Appl. 337 (2008) 556–575 561Therefore∥∥(Pn)m1,m2jn,m1 ,jn,m1,m2 ,γn,2(xn)∥∥1/γn  1(γn + 1)1/γn
∥∥(Pn)m1jn,m1 ,γn,1(xn)∥∥1/γn  1(γn + 1)1/γn
1
(γn + 1)1/γn
= 1
(γn + 1)2/γn
for each n 1.
Proceeding inductively we get the lemma. 
Remark 7. In [6, Lemma 6], for each strictly increasing sequence (mi)i1 of positive integers, Carrión finds sequences
of integers (jn,mi )ni with certain properties. Manuel Valdivia has observed that when i  2 the integer jn,mi depends
not only of n and mi , but also of m1,m2, . . . ,mi−1. The notation jn,mi is unfortunate, and is the source of a gap in the
proof of [6, Theorem 11]. Indeed on [6, p. 512] Carrión asserts that
jn2,m2(sl )
γn2
 inf
s
jn2,m2(s)
γn2
= σ2 > 0.
We will presently see that this assertion is not justified. Following Valdivia’s suggestion we have denoted jn,mi by
jn,m1,m2,...,mi in Lemma 6. With this notation [6, Lemma 10] guarantees the existence of n2 > 2 such that
σ2 = inf
s1
jn2,m1(1),m2(s)
γn2
> 0.
On the other hand, in the proof of [6, Theorem 11] Carrión find a sequence (sl) such that ‖qm1(sl )(xn2)‖ < 2−l/σ2 .
Then the computations in the proof of [6, Theorem 11] show that, to prove the theorem it would be sufficient to prove
the inequality
jn2,m1(sl ),m2(sl )
γn2
 inf
s1
jn2,m1(1),m2(s)
γn2
= σ2 > 0.
Unfortunately there is no guarantee that this inequality is true, since the sequence on the left-hand side is not
necessarily a subsequence of the sequence on the right-hand side.
The argument given in Remark 7 that shows why Carrión’s argument has a gap in Theorem 11 was provided by
Pilar Rueda in a personal communication.
3. Holomorphic functions on Banach spaces with a shrinking and unconditional basis
A Schauder basis (en)n in a Banach space E is said to be unconditional if for every x ∈ E the expansion x =∑∞
n=1 αnen converges unconditionally; that is, if for all permutation π in N the series
∑∞
n=1 απneπn converges to x.
A Schauder basis (en)n in a Banach space E is said to be shrinking if for every φ ∈ E′
lim
n→∞‖φ|En‖ = 0
where En is the closure of the span of (ei)i>n.
It is immediate from the definition of shrinking basis that (xn) ⊂ E bounded implies that qn(xn) converges weakly
to 0 (cf. [6]).
Lemma 8 allows us to renorm E with an equivalent but more useful norm (see [14, p. 38]).
Lemma 8. Let E be Banach space with an unconditional basis (en). Then:
(a) The bilinear map Φ : l∞ ×E → E defined by
Φ
(
(βn),
∞∑
n=1
αnen
)
=
∞∑
n=1
βnαnen
is well defined and continuous.
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∣∣∣∣∣
∣∣∣∣∣
∞∑
n=1
αnen
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ := sup
{∥∥∥∥∥
∞∑
n=1
βnαnen
∥∥∥∥∥: (βn) ∈ Bl∞
}
is equivalent to the original norm on E.
From now on, whenever E is a Banach space with an unconditional basis (en), we will assume that E has the norm
given in Lemma 8(b), and U is a ball centered at the origin.
The following lemma is known (see [7, Lemma 4.36]).
Lemma 9. Let E be a Banach space with an unconditional basis (en). Let Ω ⊂ E be bounded and (i) ∈ c0. Define
(n)⊗Ω =
{ ∞∑
i=1
iαiei : x =
∞∑
i=1
αiei ∈ Ω
}
.
Then:
(a) (∑∞ik iαiei)k1 converges to 0 when k → ∞.
(b) The set (n)⊗Ω is relatively compact.
(c) If U is a ball in E centered at the origin and Ω is U -bounded, then (n)⊗Ω is relatively compact and U -bounded.
We will often use Eberlein’s Theorem in the following form:
Theorem 10 (Eberlein’s Theorem). Let E be normed, and let K ⊂ E such that every sequence in K has a subsequence
that converges weakly in E. Then:
(a) ClwK is weakly compact.
(b) For every x ∈ ClwK there exists a sequence (xn) ⊂ K which converges weakly to x.
Let (mi)
j
i=0 be a strictly increasing sequence of positive integers and Ω ⊂ E. We define the set
Ω
(
(mi)
j
i=0
)=
{
j∑
i=1
θiq
mi
mi−1(x)+ θj+1qmj (x): x ∈ Ω; |θi | = 1
}
and, for every l ∈ N with l mj
Ω
(
(mi)
j
i=0, l
)=
{
j∑
i=1
θiq
mi
mi−1(x)+ θj+1qlmj (x)+ θj+2ql(x): x ∈ Ω; |θi | = 1
}
.
Observe that Ω((mi)ji=0,mj ) = Ω((mi)ji=0).
Lemma 11. Let E be a Banach space with a shrinking and unconditional basis, and let U be a ball centered at the
origin. Let Ω ⊂ E be weakly compact and U -bounded. For every j fixed, let (mi)ji=0 be a strictly increasing sequence
of positive integers. Then:
(a)
⋃
lmj
Ω
(
(mi)
j
i=0, l
)
is weakly compact and U -bounded.
(b) If f =∑l Pl ∈Hbk(U ;F), with Pl ∈ P(lE;F), then
lim sup
∥∥(Pl)m1,m2,...,mj ,lk1,k2,...,kj+2 ∥∥1/lΩ < 1.
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l>mj
Ω
(
(mi)
j
i=0, l
)
is relatively weakly compact. But an examination of the proof of [6, Lemma 3] shows that the set⋃
lmj
Ω
(
(mi)
j
i=0, l
)
is weakly compact.
Now, suppose U = rBE . Since Ω is U -bounded then  = d(Ω,∂U) > 0 thus Ω ⊂ (r − /2)BE ⊂ U . The hy-
potheses of unconditional basis with the norm given in Lemma 8 implies that Ω((mi)ji=0, l) ⊂ (r − /2)BE for every
l mj . Thus⋃
lmj
Ω
(
(mi)
j
i=0, l
)⊂ (r − 
2
)
BE ⊂ U.
Therefore
⋃
lmj Ω((mi)
j
i=0, l) is U -bounded.
(b) By (a) and Theorem 4 we have that
lim sup
∥∥(Pl)m1,m2,...,mj ,lk1,k2,...,kj+2 ∥∥1/lΩ  lim sup‖Pl‖1/l⋃
lmj Ω((mi)
j
i=0,l)
< 1. 
Lemma 12. Let (Pn), (γn) and (xn) be the sequences given by Lemma 5. Then:
1. There exists l1 ∈ N such that
lim inf
n1
jn,l1
γn
> 0.
2. There exists δ1 > 0 and a strictly increasing sequence (r1(n)) of positive integers such that
(a) r1(1) 1;
(b) limn jr1(n),l1γr1(n) = δ1;
(c) for every n 1, δ12 <
jr1(n),l1
γr1(n)
< 2δ1;
(d) 0 < δ1 < 1.
Proof. 1. We suppose that lim infn1 jn,lγn = 0 for all l ∈ N. Thus for every l ∈ N there exists nl ∈ N such that
jnl,l
γnl
<
1
l
.
Passing to a subsequence we may assume that (nl) is strictly increasing. We have two cases:
Case 1. For infinitely many indices nl , jnl,l = 0. We may suppose without loss of generality that jnl,l = 0 for all
l ∈ N.
Then by Lemma 6 we have that
1
(γnl + 1)1/γnl

∥∥(Pnl )ljnl ,l;γnl−jnl ,l (xnl )∥∥1/γnl = ∥∥(Pnl )l0,γnl (xnl )∥∥1/γnl = ∥∥Pnl (ql(xnl ))∥∥1/γnl
for all l ∈ N. Thus
lim inf
∥∥Pnl (ql(xnl ))∥∥1/γnl  1.
On the other hand, since E has a shrinking basis, the sequence (ql(xnl )) converges weakly to 0, hence W ={ql(xnl ): l ∈ N} ∪ {0} is weakly compact. Since (xnl ) is U -bounded and E has an unconditional basis, it follows
that W is U -bounded. Therefore, by the Lemma 11(b), we have that
lim sup
∥∥Pnl (ql(xnl ))∥∥1/γnl  lim sup‖Pnl‖1/γnlW < 1,
contradiction.
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l ∈ N.
If we define αl = exp(−
√
γnl /jnl,l ), then (αl)l∈N ∈ c0 and liml α
jnl ,l/γnl
l = 1 when l → ∞.
Let yl = αlql(xnl )+ ql(xnl ). Then∥∥(Pnl )ljnl ,l ,γnl−jnl ,l (yl)∥∥1/γnl = ∥∥(Pnl )ljnl ,l ,γnl−jnl ,l (αlql(xnl )+ ql(xnl ))∥∥1/γnl
= α
jnl ,l
γnl
l
∥∥(Pnl )ljnl ,l ,γnl−jnl ,l (xnl )∥∥1/γnl
 α
jnl ,l
γnl
l
1
(γnl + 1)1/γnl
for all l ∈ N. Thus
lim inf
∥∥(Pnl )ljnl ,l ,γnl−jnl ,l (yl)∥∥1/γnl  1.
On the other hand, since E has a shrinking basis, we have that (yl) converges weakly to 0. Thus W =
{yl : l  L} ∪ {0} is weakly compact. Now (xnl ) U -bounded and E with an unconditional basis implies that W is
a U -bounded set. By Lemma 11 we have that
lim sup
∥∥(Pnl )ljnl ,l ,γnl−jnl ,l (yl)∥∥1/γnl  lim sup∥∥(Pnl )ljnl ,l ,γnl−jnl ,l∥∥1/γnlW < 1,
contradiction. This proves 1.
2. We define δ1 := lim infn1 jn,l1γn . Clearly there exists a strictly increasing sequence (r1(n)) of positive integers
with the properties (a), (b) and (c).
We prove (d), that is, δ1 < 1. Suppose that
lim inf
n
jn,l1
γn
= 1.
Thus we can find a subsequence (nk) such that limk
jnk,l1
γnk
= 1. We have two cases.
Case 1. For infinitely many indices k, jnk,l1 = γnk . We may suppose without loss of generality that jnk,l1 = γnk for
every k. Let ynk = ql1(xnk ). Then by Lemma 6 we have∥∥(Pnk )l1jnk,l1 ,γnk (ynk )∥∥1/γnk = ∥∥(Pnk )l1γnk ,0(ql1(xnk ))∥∥1/γnk = ∥∥(Pnk )l1jnk,l1 ,γnk (xnk )∥∥1/γnk  1(γnk + 1)1/γnk
for every k.
Therefore
lim inf
∥∥(Pnk )l1jnk ,l1 ,γnk (ynk )∥∥1/γnk  1.
On the other hand, the set W = {ql1(xnk ): k  1}‖.‖ is compact and contained in U since l1 is fixed and (xnk ) is
U -bounded. By Lemma 11 we have that
lim sup
∥∥(Pnk )l1jnk,l1 (ynk )∥∥1/γnk  lim sup∥∥(Pnk )l1jnk,l1∥∥1/γnkW < 1,
contradiction.
Case 2. For infinitely many indices k, jnk,l1 < γnk . We may suppose without loss of generality that jnk,l1 < γnk for
every k. If we define
αk = exp
(
−
√
γnk
γnk − jnk,l1
)
,
then (αk) ∈ c0 and
lim
k
α
γnk
−jnk ,l1
γnk
k = 1
when k → ∞.
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= α
γnk
−jnk ,l1
γnk
k
∥∥(Pnk )l1jnk,l1 (xnk )∥∥1/γnk
 α
γnk
−jnk ,l1
γnk
k
1
(γnk + 1)1/γnk
.
Therefore
lim inf
∥∥(Pnk )l1jnk ,l1 ,(ynk )∥∥1/γnk  1.
On the other hand, the set W = {yk: k  1} ∪ {ql1(xnk ): k  1}‖.‖ is a compact set contained in U since l1 is fixed
and limαkql1(xnk ) = 0. By Lemma 11 it follows that
lim sup
∥∥(Pnk )l1jnk ,l1 (ynk )∥∥1/γnk  lim sup∥∥(Pnk )l1jnk,l1∥∥1/γnkW < 1,
contradiction. This proves (d). 
Lemma 13. Let l1 ∈ N be given by Lemma 12. Then
1. There exists l2 ∈ N, l2 > l1, such that
lim inf
n1
jn,l1,l2
γn
> 0.
2. There exist δ2 > 0 and a strictly increasing subsequence (r2(n)) ⊂ (r1(n)) such that
(a) r2(2) 2.
(b) limn jr2(n),l1,l2γr2(n) = δ2.
(c) For every n 1 we have that δ22 <
jr2(n),l1,l2
γr2(n)
< 2δ2.
(d) 0 < δ1 + δ2 < 1.
Proof. 1. Suppose that for all l > l1 we have that lim infn1
jn,l1,l
γn
= 0. Then for every l > l1 there exists nl ∈ N such
that
jnl,l1,l
γnl
<
1
l
.
Passing to a subsequence we may assume that (nl) is strictly increasing. Thus liml
jnl ,l1,l
γnl
= 0. We have two cases.
Case 1. For infinitely many indices nl , jnl,l1,l = 0. We may suppose without loss of generality that jnl,l1,l = 0 for
all l > l1.
Then by Lemma 6 we have that
1
(γnl + 1)2/γnl

∥∥(Pnl )l1,ljnl ,l1 ,jnl ,l1,l ,γnl ,2(xnl )∥∥1/γnl = ∥∥(Pnl )l1,ljnl ,l1 ,0,γnl−jnl ,l1 (xnl )∥∥1/γnl
= ∥∥(Pnl )l1,ljnl ,l1 ,0,γnl−jnl ,l1 (ql1(xnl )+ ql(xnl ))∥∥1/γnl
for all l > l1.
Thus
lim inf
∥∥(Pnl )l1,ljn ,l ,0,γn −jn ,l (ql1(xnl )+ ql(xnl ))∥∥1/γnl  1.l 1 l l 1
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W = {ql1(xnl )+ ql(xnl ): l > l1}∪ {ql1(xnl ): l  l1}‖.‖
is weakly compact. Now, (xnl ) U -bounded and E with an unconditional basis implies that W is U -bounded. By
Lemma 11 it follows that
lim sup
∥∥(Pnl )l1,ljnl ,l1 ,0,γnl−jnl ,l1 (ql1(xnl )+ ql(xnl ))∥∥1/γnl  lim sup∥∥(Pnl )l1,ljnl ,l1 ,0,γnl−jnl ,l1∥∥1/γnlW < 1,
contradiction.
Case 2. For infinitely many indices nl , jnl,l1,l > 0. We may suppose without loss of generality that jnl,l1,l > 0 for
all l > l1.
If we define αl = exp(−
√
γnl /jnl,l1,l ), then (αl)l∈N ∈ c0 and liml α
jnl ,l1,l/γnl
l = 1 when l → ∞.
Let yl = ql1(xnl )+ αlqll1(xnl )+ ql(xnl ). Then∥∥(Pnl )l1,ljnl ,l1 ,jnl ,l1,l ,γnl ,2(yl)∥∥1/γnl = ∥∥(Pnl )l1,ljnl ,l1 ,jnl ,l1,l ,γnl ,2(ql1(xnl )+ αlqll1(xnl )+ ql(xnl ))∥∥1/γnl
= α
jnl ,l1,l
γnl
l
∥∥(Pnl )l1,ljnl ,l1 ,jnl ,l1,l ,γnl ,2(xnl )∥∥1/γnl
 α
jnl ,l1,l
γnl
l
1
(γnl + 1)2/γnl
for all l > l1.
Thus
lim inf
∥∥(Pnl )l1,ljnl ,l1 ,jnl ,l1,l ,(yl)∥∥1/γnl  1.
On the other hand, since (xnl ) is U -bounded, αlqll1(xnl )+ql(xnl ) converges weakly to 0, and Lemma 11(a) implies
that W = {yl : l > l1} ∪ {ql1(xnk ): k  1}‖.‖ is weakly compact and U -bounded. By Lemma 11(b) it follows that
lim sup
∥∥(Pnl )l1,ljnl ,l1 ,jnl ,l1,l ,γnl ,2(yl)∥∥1/γnl  lim sup∥∥(Pnl )l1,ljnl ,l1 ,jnl ,l1,l ,γnl ,2∥∥1/γnlW < 1,
contradiction. This proves 1.
2. Since (r1(n)) ⊂ (n)n1 we have by (a) that
0 < lim inf
n1
jn,l1,l2
γn
 lim inf
n1
jr1(n),l1,l2
γr1(n)
.
We define δ2 := lim infn1 jr1(n),l1,l2γr1(n) . Clearly there exists a strictly increasing subsequence (r2(n)) ⊂ (r1(n)) with the
properties (a), (b) and (c).
We prove (d). By definition of δ1 and (r2(n)) ⊂ (r1(n)) we have that
δ1 = lim
n1
jr1(n),l1
γr1(n)
= lim
n1
jr2(n),l1
γr2(n)
.
Since 0 jn,l1  γn − jn,l1,l2 for every n 2 we have that
jn,l1
γn
+ jn,l1,l2
γn
 1.
Hence
jr2(n),l1
γr2(n)
+ jr2(n),l1,l2
γr2(n)
 1
for every n 2, and therefore
0 < δ1 + δ2 = lim jr2(n),l1 + lim jr2(n),l1,l2  1.
γr2(n) γr2(n)
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jr2(n),l1,l2
γr2(n)
= 1.
To simplify the notation write (n) instead of (r2(n)). Then
lim
n
{
jn,l1
γn
+ jn,l1,l2
γn
}
= 1.
We have two cases.
Case 1. For infinitely many indices n, jn,l1 + jn,l1,l2 = γn. We may assume, without loss of generality, that jn,l1 +
jn,l1,l2 = γn for all n. Let yn = ql2(xn).
Then by Lemma 6 we have that
∥∥(Pn)l1,l2jn,l1 ,jn,l1,l2 ,γn,2(yn)∥∥1/γn = ∥∥(Pn)l1,l2jn,l1 ,jn,l1,l2 ,0(ql2(xn))∥∥1/γn = ∥∥(Pn)l1,l2jn,l1 ,jn,l1,l2 ,0(xn)∥∥1/γn  1(γn + 1)2/γn
for every n, where γn,2 = γn − jn,l1 − jn,l1,l2 . Therefore
lim inf
∥∥(Pn)l1,l2jn,l1 ,jn,l1,l2 ,0(ql2(xn))∥∥1/γn  1.
On the other hand, the set W = {ql2(xn): n 1}‖.‖ is compact and contained in U , since l2 is fixed. By Lemma 11
it follows that
lim sup
∥∥(Pn)l1,l2jn,l1 ,jn,l1,l2 ,0(ql2(xn))∥∥1/γn  lim sup∥∥(Pn)l1,l2jn,l1 ,jn,l1,l2 ,0∥∥1/γnW < 1,
contradiction.
Case 2. For infinitely many indices n, jn,l1 + jn,l1,l2 < γn. We may suppose, without loss of generality, that jn,l1 +
jn,l1,l2 < γn for every n.
If we define αn = exp(−
√
γn/γn,2 ), then (αn) ∈ c0 and limn αγn,2/γnn = 1 when l → ∞.
Let yn = ql2(xn)+ αnql2(xn). Then∥∥(Pn)l1,l2jn,l1 ,jn,l1,l2 ,γn,2(yn)∥∥1/γn = ∥∥(Pn)l1,l2jn,l1 ,jn,l1,l2 ,γn,2(ql2(xn)+ αnql2(xn))∥∥1/γn
 α
γn,2
γn
l
∥∥(Pn)l1,l2jn,l1 ,jnl ,l1,l2 ,γn,2(xn)∥∥1/γn  α
γn,2
γn
n
1
(γn + 1)2/γn
for every n, where γn,2 = γn − jn,l1 − jn,l1,l2 . Thus
lim inf
∥∥(Pn)l1,l2jn,l1 ,jn,l1,l2 ,γn,2(yn)∥∥1/γn  1.
On the other hand, the set W = {yn: n 1} ∪ {ql2(xn): n 1}‖.‖ is compact and contained in U , since l2 is fixed
and (αn) ∈ c0. By Lemma 11 it follows that
lim sup
∥∥(Pn)l1,l2jn,l1 ,jn,l1,l2 ,γn,2(yn)∥∥1/γn  ∥∥(Pn)l1,l2jn,l1 ,jn,l1,l2 ,γn,2∥∥1/γnW < 1,
contradiction. This proves (d). 
Lemma 14. Suppose that l1 < l2 < l3 < · · · < lk−1 have been found such that
1. lim infn1
jn,l1,l2,l3,...,lk−1
γn
> 0.
2. There exists δi > 0 for i = 1,2, . . . , k − 1 and strictly increasing subsequences(
rk−1(n)
)⊂ · · · ⊂ (r2(n))⊂ (r1(n))
such that
(a) rk−1(k − 1) k − 1;
(b) limn jri (n),l1,l2,...,li = δi;γri (n)
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jri (n),l1,l2,...,li
γri (n)
< 2δi ;
(d) 0 <∑k−1i=1 δi < 1.
Then:
1. There exists lk > lk−1 such that
lim inf
n1
jn,l1,l2,...,lk−1,lk
γn
> 0.
2. There exists δk > 0 and a strictly increasing subsequence(
rk(n)
)⊂ (rk−1(n))⊂ · · · ⊂ (r2(n))⊂ (r1(n))
such that
(a) rk(k) k;
(b) limn jrk(n),l1,l2,...,lkγrk(n) = δk ;
(c) for every n 1 we have that δk2 <
jrk(n),l1,l2,...,lk
γrk (n)
< 2δk ;
(d) 0 <∑ki=1 δi < 1.
Proof. 1. Suppose that for all l > lk−1 we have that lim infn1
jn,l1,l2,l3,...,lk−1,l
γn
= 0. Then for every l > lk−1 there exists
nl ∈ N such that
jnl,l1,l2,l3,...,lk−1,l
γnl
<
1
l
.
Passing to a subsequence we may assume that (nl) is strictly increasing. Thus liml
jnl ,l1,l2,...,lk−1,l
γnl
= 0. We have two
cases.
Case 1. For infinitely many indices nl , jnl,l1,l2,...,lk−1,l = 0. We may suppose without loss of generality that
jnl,l1,l2,...,lk−1,l = 0 for all l > lk−1.
Then by Lemma 6 we have that
1
(γnl + 1)k/γnl

∥∥(Pnl )l1,l2,...,lk−1,ljnl ,l1 ,jnl ,l1,l2 ,...,jn,l1,l2,l3,...,lk−1,l ,γnl ,k (xnl )∥∥1/γnl
= ∥∥(Pnl )l1,l2,...,lk−1,ljnl ,l1 ,jnl ,l1,l2 ,...,jn,l1,l2,l3,...,lk−1 ,0,γnl ,k (xnl )∥∥1/γnl
= ∥∥(Pnl )l1,l2,...,lk−1,ljnl ,l1 ,jnl ,l1,l2 ,...,jn,l1,l2,l3,...,lk−1 ,0,γnl ,k (qlk−1(xnl )+ ql(xnl ))∥∥1/γnl
for all l > lk−1.
Thus
lim inf
∥∥(Pnl )l1,l2,...,lk−1,ljnl ,l1 ,jnl ,l1,l2 ,...,jn,l1,l2,l3,...,lk−1 ,0,γnl ,k (qlk−1(xnl )+ ql(xnl ))∥∥1/γnl  1.
On the other hand, since E has a shrinking basis and lk−1 is fixed, we have that
W = {qlk−1(xnl )+ ql(xnl ): l  1}∪ {qlk−1(xnl ): l  1}‖.‖
is weakly compact. E with an unconditional basis and (xnl ) U -bounded implies that W is U -bounded. By Lemma 11
it follows that
lim sup
∥∥(Pnl )l1,l2,...,lk−1,ljnl ,l1 ,jnl ,l1,l2 ,...,jn,l1,l2,l3,...,lk−1 ,0,γnl ,k (qlk−1(xnl )+ ql(xnl ))∥∥1/γnl
 lim sup
∥∥(Pnl )l1,l2,...,lk−1,ljnl ,l1 ,jnl ,l1,l2 ,...,jn,l1,l2,l3,...,lk−1 ,0,γnl ,k∥∥1/γnlW < 1,
contradiction.
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jnl,l1,l2,l3,...,lk−1,l > 0 for all l > lk−1.
If we define
αl = exp
(
−
√
γnl
jnl ,l1,l2,l3,...,lk−1,l
)
,
then (αl)l∈N ∈ c0 and
lim
l
α
jnl ,l1,l2,l3,...,lk−1,l
γnl
l = 1
when l → ∞.
Let yl = qlk−1(xnl )+ αlqllk−1(xnl )+ ql(xnl ). Then
∥∥(Pnl )l1,l2,...,lk−1,ljnl ,l1 ,...,jnl ,l1,l2,...,lk−1,l ,γnl ,k (yl)∥∥1/γnl = α
jnl ,l1,l2,...,lk−1,l
γnl
l
∥∥(Pnl )l1,l2,...,lk−1,ljnl ,l1 ,...,jnl ,l1,l2,...,lk−1,l ,γnl ,k (xnl )∥∥1/γnl
 α
jnl ,l1,l2,...,lk−1,l
γnl
l
1
(γnl + 1)k/γnl
for all l > lk−1.
Thus
lim inf
∥∥(Pnl )l1,l2,...,lk−1,ljnl ,l1 ,jnl ,l1,l2 ,...,jnl ,l1,l2,l3,...,lk−1,l ,γnl ,k (yl)∥∥1/γnl  1.
On the other hand, since E has a shrinking basis, then limαlqllk−1(xnl ) + ql(xnl ) converges weakly to 0, and now
lk−1 fixed implies that W = {yl : l > L}∪{qlk−1(xnl ): l  1}‖.‖ is weakly compact. Since E has an unconditional basis
and (xnl ) is U -bounded, we have that W is U -bounded. By Lemma 11 it follows that
lim sup
∥∥(Pnl )l1,l2,...,lk−1,ljnl ,l1 ,jnl ,l1,l2 ,...,jnl ,l1,l2,l3,...,lk−1,l ,γnl ,k (yl)∥∥1/γnl  lim sup∥∥(Pnl )l1,l2,...,lk−1,ljnl ,l1 ,jnl ,l1,l2 ,...,jnl ,l1,l2,l3,...,lk−1,l ,γnl ,k∥∥1/γnlW
< 1,
contradiction. This proves 1.
2. Since (rk−1(n)) ⊂ (n) we have by (a) that
0 < lim inf
n1
jn,l1,l2
γn
 lim inf
n1
jrk−1(n),l1,l2,...,lk−1
γrk−1(n)
.
We define δk := lim infn1 jrk−1(n),l1,l2,...,lk−1γrk−1(n) . Clearly there exists a strictly increasing subsequence (rk(n)) ⊂ (rk−1(n))
with the properties (a), (b) and (c).
We prove (d). Let i < k. By the definition of δi and (rk(n)) ⊂ (ri(n)) we have that
δi = lim
n1
jri (n),l1,...,li
γri (n)
= lim
n1
jrk(n),l1,...,li
γrk(n)
.
Since 0 jn,l1,...,lk  γn −
∑k−1
i=1 jn,l1,l2,...,li for every n 1 then
k∑
i=1
jn,l1,l2,...,li
γn
 1.
Hence
k∑ jrk(n),l1,...,li
γrk(n)
 1i=1
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0 <
k∑
i=1
δi =
k∑
i=1
lim
jrk(n),l1,...,li
γrk(n)
 1.
We prove that
∑k
i=1 δi < 1. Suppose that
∑k
i=1 δi = 1, that is,
∑k
i=1 lim
jrk(n),l1,...,li
γrk (n)
= 1.
To simplify the notation write (n) instead of rk(n) thus
k∑
i=1
lim
jn,l1,...,li
γn
= 1.
We have two cases.
Case 1. For infinitely many indices n,
∑k
i=1 jn,l1,l2,...,li = γn, that is, γn,k = 0. We may assume without loss of
generality that γn,k = 0 for every n.
Let yn = qlk (xn). Then by Lemma 6 we have that∥∥(Pn)l1,l2,...,lkjn,l1 ,jn,l1,l2 ,...,γn,k (yn)∥∥1/γn = ∥∥(Pn)l1,l2,...,lkjn,l1 ,jn,l1,l2 ,...,γn,k (qlk (xn))∥∥1/γn = ∥∥(Pn)l1,l2,...,lkjn,l1 ,jn,l1,l2 ,...,γn,k (xn)∥∥1/γn
 1
(γn + 1)k/γn
for all n where γn,k = γn −∑ki=1 jn,l1,l2,...,li . Thus
lim inf
∥∥(Pn)l1,l2,...,lkjn,l1 ,jn,l1,l2 ,...,γn,k (qlk (xn))∥∥1/γn  1.
On the other hand, the set W = {qlk (xn): n 1}‖.‖ is compact and contained in U , since lk is fixed. By Lemma 11
it follows that
lim
∥∥(Pn)l1,l2,...,lkjn,l1 ,jn,l1,l2 ,...,γn,k (qlk (xn))∥∥1/γn  ∥∥(Pn)l1,l2,...,lkjn,l1 ,jn,l1,l2 ,...,γn,k∥∥1/γnW < 1,
contradiction.
Case 2. For infinitely many indices n,
∑k
i=1 jn,l1,l2,...,li < γn, that is, γn,k > 0. We may assume without loss of
generality that γn,k > 0 for every n.
If we define αn = exp(−
√
γn/γn,k ), then (αn) ∈ c0 and limn αγn,k/γnn = 1 when n → ∞.
Let yn = qlk (xn)+ αnqlk (xn). Then∥∥(Pn)l1,l2,...,lkjn,l1 ,jn,l1,l2 ,...,γn,k (yn)∥∥1/γn = ∥∥(Pn)l1,l2,...,lkjn,l1 ,jn,l1,l2 ,...,γn,k (qlk (xn)+ αnqlk (xn))∥∥1/γn
 α
γn,k
γn
n
∥∥(Pn)l1,l2,...,lkjn,l1 ,jn,l1,l2 ,...,γn,k (xn)∥∥1/γn  α
γn,k
γn
n
1
(γn + 1)k/γn
for every n where γn,k = γn −∑ki=1 jn,l1,l2,...,li . Thus
lim inf
∥∥(Pn)l1,l2,...,lkjn,l1 ,jn,l1,l2 ,...,γn,k (yn)∥∥1/γn  1.
On the other hand, the set W = {yn: n  1} ∪ {qlk (xn): n 1}‖.‖ is compact, since lk is fixed and (αn) ∈ c0. Since
(xn) is U -bounded, W is U -bounded. Thus by Lemma 11 it follows that
lim
∥∥(Pn)l1,l2,...,lkjn,l1 ,jn,l1,l2 ,...,γn,k (yn)∥∥1/γn  ∥∥(Pn)l1,l2,...,lkjn,l1 ,jn,l1,l2 ,...,γn,k∥∥1/γnW < 1,
contradiction. This proves (d). 
Summarizing we have
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increasing sequences (ri(n)n1) of positive integers such that(
ri(n)
)⊂ (ri−1(n))⊂ · · · ⊂ (r2(n))⊂ (r1(n))
such that
(1) rk(k) k for every k  1;
(2) limn jrk(n),l1,l2,...,lkγrk(n) = δk for every k  1;
(3) for every n 1 and k  1 we have that δk2 <
jrk(n),l1,l2,...,lk
γrk (n)
< 2δk ;
(4) ∑∞i=1 δi  1;
(5) There exists a sequence (sn) such that δk2 <
jsn,l1,l2,...,lk
γsn
< 2δk for every k = 1,2, . . . , n.
Proof. (1)–(4) follow from the preceding lemmas. We prove (5). Let 1 k  n. Then (rn(j))j1 ⊂ (rk(j))j1. Thus
rn(n) = rk(j) for some j ∈ N, that is,
jrn(n),l1,l2,...,lk
γrn(n)
= jrk(j),l1,l2,...,lk
γrk(j)
.
Therefore by (3) we have that
δk
2
<
jrn(n),l1,l2,...,lk
γrn(n)
< 2δk.
Then define sn := rn(n). Thus (sn) is the diagonal sequence. 
Let (xn) be a sequence in E, (i) ∈ c0 and (ρi) a sequence of positive numbers, we define for every j
(i)⊗
(
(xn),
(
(mi)
j
i=0
)
,
(
(ρi)
j+1
i=1
))=
{
j∑
i=1
iθiq
mi
mi−1(xj )+ θj+1qmj (xj ): |θi | = ρi
}
.
Lemma 16. Let E be a Banach space with a shrinking and unconditional basis (en), and norm satisfying the condition
of Lemma 8.
(a) Let (xn) be a U -bounded sequence and let (i) ∈ c0 with |1| > 1 and |i | 1 for i  2. Then there exist j0 ∈ N
and a sequence of positive numbers (ρi) such that
Clw
( ⋃
jj0
(i)⊗
(
(xn),
(
(mi)
j
i=0
)
,
(
(ρi)
j+1
i=1
)))
is weakly compact and U -bounded.
(b) Let f =∑n Pn ∈Hbk(U ;F) and (i) ∈ c0 with |1| > 1 and |i | 1 for i  2. If (xn) is U -bounded and (an) is
defined by
an =
n∑
s=1
sq
ms
ms−1(xn)+ qmn(xn).
Then
lim sup
∥∥(Pn)m1,m2,...,mnk1,k2,...,kn+1(an)∥∥1/γn < 1.
Proof. (a) Since (j ) ∈ c0 then there exist j0 ∈ N such that |j0 | 1|1| . We define
ρi =
{ 1
|i | , i = 1, j0,
1, i 	= 1, j0.
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⋃
jj0(i) ⊗ ((xn), ((mi)
j
i=0), ((ρi)
j+1
i=1 )) has a subsequence that converges
weakly.
Let (an) ⊂⋃jj0(i)⊗ ((xn), ((mi)ji=0), ((ρi)j+1i=1 )). Passing to a subsequence, if necessary, we have the following
cases.
Case 1. There exists j  j0 such that
an ∈ (i)⊗
(
(xn),
(
(mi)
j
i=0
)
,
(
(ρi)
j+1
i=1
))
for every n 1. Since (i)⊗ ((xn), ((mi)ji=0), ((ρi)j+1i=1 )) is compact, there exists a subsequence of (an) that converges
to a ∈ (i)⊗ ((xn), ((mi)ji=0), ((ρi)j+1i=1 )).
Case 2. We may suppose without loss of generality that
aj =
kj∑
i=1
iθ
j
i q
mi
mi−1(xkj )+ θjkj+1qmkj (xkj )
with (kj ) strictly increasing.
Let
aj =
∞∑
i=1
iθ
j
i q
mi
mi−1(xkj ).
By Lemma 9 the set W = {aj : j  1} is relatively compact and U -bounded. Passing to a subsequence, if necessary,
we may suppose that there exists limaj = a ∈ ClEW .
On the other hand,
aj − aj =
∞∑
i=kj+1
iθ
j
i q
mi
mi−1(xkj )− θjkj+1qmkj (xkj ).
Since E has a shrinking basis we have that θkj+1qmkj (xkj ) converges weakly to 0 when j → ∞. By Lemma 9,∑∞
i=kj+1 iθ
j
i q
mi
mi−1(xkj ) converges to 0 when j → ∞.
Thus aj − aj converges weakly to 0. Since aj − a = aj − aj + aj − a we have that (aj ) converges weakly to a.
By Cases 1 and 2 it follows that
⋃
jj0(i)⊗ ((xn), ((mi)
j
i=0), ((ρi)
j+1
i=1 )) is relatively weakly compact.
Therefore
Clw
( ⋃
jj0
(i)⊗
(
(xn),
(
(mi)
j
i=0
)
,
(
(ρi)
j+1
i=1
)))
is weakly compact, and Theorem 10 implies that
Clw
( ⋃
jj0
(i)⊗
(
(xn),
(
(mi)
j
i=0
)
,
(
(ρi)
j+1
i=1
)))⊂ ⋃
jj0
(i)⊗
(
(xn),
(
(mi)
j
i=0
)
,
(
(ρi)
j+1
i=1
))∪ ClE(W).
Now, suppose U = rBE . Since (xn) is U -bounded then there exist 0 < s < r such that (xn) ⊂ sBE . The hypotheses
of unconditional basis implies that
(i)⊗
(
(xn),
(
(mi)
j
i=0
)
,
(
(ρi)
j+1
i=1
))⊂ sBE ⊂ U.
Hence
(i)⊗
(
(xn),
(
(mi)
j
i=0
)
,
(
(ρi)
j+1
i=1
))
is U -bounded. Since ClEW is U -bounded we have that⋃
jj0
(i)⊗
(
(xn),
(
(mi)
j
i=0
)
,
(
(ρi)
j+1
i=1
))∪ ClEW
is U -bounded. Therefore this part of the lemma is proved.
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lim sup
∥∥(Pn)m1,m2,...,mnk1,k2,...,kn+1(an)∥∥1/γn  lim sup 1
ρ
k1/γn
1 ρ
kj0/γn
j0
sup
‖θi‖=ρi
∥∥∥∥∥Pn
(
n∑
i=1
iθiq
mi
mi−1(xn)+ θn+1qn(xn)
)∥∥∥∥∥
1/γn
 lim sup
‖θi‖=ρi
∥∥∥∥∥Pn
(
n∑
i=1
iθiq
mi
mi−1(xn)+ θn+1qmn(xn)
)∥∥∥∥∥
1/γn
 lim sup‖Pn‖1/γnClw(⋃jj0 (i )⊗((xn),((mi)ji=0),((ρi )j+1i=1 )))
the Lemma follows from (a) and Theorem 4. 
Lemma 17. (See [5, Lemma 2.6].) Given (δi) ∈ l1 with δi > 0 and a > 0 there exists a strictly increasing sequence
(ψi) of positive numbers such that
(a) limi ψi = ∞,
(b) ∑i ψiδi = a.
Proof. For all k ∈ N there exists pk ∈ N such that ∑∞pk δi < 4−k .
We may assume that p1 <p2 < · · · <pk < · · · .
Now
s :=
∞∑
k=1
a2k
∑
pkm<pk+1
δm <
∞∑
k=1
a2k4−k =
∞∑
k=1
a2−k = a.
We define
ψi =
⎧⎨
⎩
a−s∑p1−1
j=1 δj
, 1 i < p1,
a2k, pk  i < pk+1, k  1.

Theorem 18. Let E and F be Banach spaces, E with a shrinking and unconditional basis. Let U be an open ball in
E centered at the origin. Then
Hbk(U ;F) =Hb(U ;F)
for each Banach space F .
Proof. It is obvious that Hb(U ;F) ⊂ Hbk(U ;F). Let us suppose that Hbk(U ;F)  Hb(U ;F). Let f =∑Pn ∈
Hbk(U ;F) \Hb(U ;F) and (xn) be given by Lemma 5. Let us consider the sequences (lk)∞k=1, (δi) and (sn)n1 given
by Corollary 15.
By Lemma 17 there exist (ψk)∞k=2 with ψk > 0 and ψk → ∞ such that
∑∞
k=2 2δkψk = log 2.
Let k = exp(−ψk) for each k  2. Then 0 < k < 1, k ∈ c0, and
log
(

2δ2
2 . . . 
2δn
n
)= − n∑
k=2
2δkψk − log(2) = log
(
1
2
)
.
Hence

2δ2
2 . . . 
2δn
n 
1
2
for all n 2.
If 1 = exp( 4δ1 ), then 
δ1/2
1 = e2. Thus

δ1/2
1 
2δ2
2 . . . 
2δn
n 
e22
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Let us consider the sequence (yn) defined by
yn =
n∑
s=1
sq
ls
ls−1(xsn)+ qn(xsn),
(xsn) being a U -bounded sequence, Lemma 16 implies that
lim sup
∥∥(Psn)l1,l2,...,lnjsn,l1 ,jsn,l1,l2 ,...,jsn,l1,l2,l3,...,ln ,γsn,n (yn)∥∥1/γsn < 1.
On the other hand, by Lemma 6 and the comments after Lemma 5 we have that
∥∥(Psn)l1,l2,...,lnjsn,l1 ,...,jsn,l1,l2,l3,...,ln ,γsn,n (yn)∥∥1/γsn = 
jsn,l1
γsn
1 . . . 
jsn,l1,l2,l3,...,ln
γsn
n
∥∥(Psn)l1,l2,...,lnjsn,l1 ,...,jsn,l1,l2,l3,...,ln ,γsn,n (xsn)∥∥1/γsn
 
jsn,l1
γsn
1 . . . 
jsn,l1,l2,l3,...,ln
γsn
n
1
(γsn + 1)n/γsn
 
jsn,l1
γsn
1 . . . 
jsn,l1,l2,l3,...,ln
γsn
n
1
e
for all n 1.
By Corollary 15, δk2 <
jsn,l1,...,lk
γsn
< 2δk for every k = 1,2, . . . , n. Since 1 > 1 and 0 < k < 1 for k  2, it follows
that

jsn,l1
γsn
1 . . . 
jsn,l1,l2,l3,...,ln
γsn
n  δ1/21 
2δ2
2 . . . 
2δn
n 
e2
2
.
Thus
∥∥(Psn)l1,l2,...,lnjsn,l1 ,jsn,l1,l2 ,...,jsn,l1,l2,l3,...,ln ,γsn,n (yn)∥∥1/γsn  e
2
2e
.
Therefore
lim inf
∥∥(Psn)l1,l2,...,lnjsn,l1 ,jsn,l1,l2 ,...,jsn,l1,l2,l3,...,ln ,γsn,n (yn)∥∥1/γsn > 1,
contradiction. Therefore Hbk(U ;F) =Hb(U ;F). 
Theorem 19. Let E be a Banach space with an unconditional basis. Let U be a ball in E centered at the origin. If E
contains no copy of l1 then
Hwu(U ;F) =Hw(U ;F) =Hwsc(U ;F)
for each Banach space F .
Proof. We know that, if E has an unconditional basis then, E contains no copy of l1 if and only if E has
a shrinking basis (see [13, Theorem 1.c.9]). Therefore Theorem 18 implies that Hbk(U ;F) = Hb(U ;F). Since
Hwsc(U ;F) ⊂ Hbk(U ;F) we have that Hwsc(U ;F) ⊂ Hb(U ;F). Then Theorem 1 and Lemma 3, imply that
Hwsc(U ;F) =Hw(U ;F) =Hw(U ;F)∩Hb(U ;F) =Hwu(U ;F). 
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